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a b s t r a c t
An ordered pair (U, R) is called a signpost system if U is a finite nonempty set, R ⊆
U × U × U , and the following axioms hold for all u, v, w ∈ U: (1) if (u, v, w) ∈ R, then
(v, u, u) ∈ R; (2) if (u, v, w) ∈ R, then (v, u, w) 6∈ R; (3) if u 6= v, then there exists t ∈ U
such that (u, t, v) ∈ R. (If F is a (finite) connected graph with vertex set U and distance
function d, then U together with the set of all ordered triples (u, v, w) of vertices in F such
that d(u, v) = 1 and d(v,w) = d(u, w) − 1 is an example of a signpost system). If (U, R)
is a signpost system and G is a graph, then G is called the underlying graph of (U, R) if
V (G) = U and xy ∈ E(G) if and only if (x, y, y) ∈ R (for all x, y ∈ U). It is possible to say
that a signpost system shows a way how to travel in its underlying graph. The following
result is proved: Let (U, R) be a signpost system and let G denote the underlying graph of
(U, R). Then G is connected and every induced path in G is a geodesic in G if and only if
(U, R) satisfies axioms (4)–(8) stated in this paper; note that axioms (4)–(8) – similarly as
axioms (1)–(3) – can be formulated in the language of the first-order logic.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, we consider finite undirected graphs without multiple edges or loops. If G is a graph, then V (G) and E(G)
denote its vertex set and its edge set, respectively. If G is a connected graph, then dG denotes its distance function.
Let G be a connected graph, and let α = (u0, . . . , un), where n ≥ 1, be a path in G. Obviously, dG(u0, un) ≤ n. We say
that α is a geodesic in G if dG(u0, un) = n. We say that α is an induced path in G if ujuk 6∈ E(G) for all vertices uj and uk such
that 0 ≤ j < k ≤ n and k− j ≥ 2.
It is obvious that if G is a graph, then every geodesic in G is an induced path in G.
A graph G is said to be distance-hereditary if each component H of G has the following property: the distance function of
F is equal to the distance function of H (restricted to V (F)) for every connected induced subgraph F of H .
Distance-hereditary graphs were introduced and characterized by Howorka [2]. Some other characterizations of
connected distance-hereditary graphs were found by Bandelt and Mulder [1]. (Note that every distance-hereditary graph in
the sense of the definition in [1] is connected).
The following two observations will be very useful for us. The first of them is trivial, the second can be easily verified.
Observation 1. A graph G is distance-hereditary if and only if each component of G is distance-hereditary.
Observation 2. A connected graph G is distance-hereditary if and only if each induced path in G is a geodesic in G.
In Section 4 of the present paper, a new characterization of a connected distance-hereditary graph will be given.
The next lemma will be used in Section 4.
E-mail address: ikseben@seznam.cz.
0012-365X/$ – see front matter© 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2009.03.032
528 L. Nebeský / Discrete Mathematics 310 (2010) 527–530
Lemma 1. Let (u0, u1, . . . , un, u0), where n ≥ 2, be a cycle in a connected distance-hereditary graph G. Then uiuj ∈ E(G) for
some 0 ≤ i < j ≤ n with 2 ≤ j− i ≤ 3.
Proof. As follows from Theorem 2 in [1], G does not contain induced cycles of length more than 4. Hence the lemma
holds. 
2. Distance-heredity graphs and ternary systems
Similarly as in [6], by a ternary system we mean here an ordered pair (U, R), where U is a finite nonempty set, and
R ⊆ U × U × U . If S = (U, R) is a ternary system, then we write V (S) = U and Q (S) = R.
Let G be a connected graph. By the g-step system of G we mean the ternary system S with V (S) = V (G) such that the
following statement holds for all u, v, w ∈ V (G): (u, v, w) ∈ Q (S) if and only if there exists a geodesic (u0 = u, u1 =
v, . . . , un = w) in G, where n ≥ 1 (cf. the notion of a step system in [3,5,6]). Moreover, by the i-step system of G we mean
the ternary system S with V (S) = V (G) such that the following statement holds for all u, v, w ∈ V (S): (u, v, w) ∈ Q (S) if
and only if there exists an induced path (u0 = u, u1 = v, . . . , un = w) in G, where n ≥ 1.
Proposition 2. Let G be a connected graph, and let S i and Sg denote the i-step systemof G and the g-step systemof G, respectively.
Then G is a distance-hereditary graph if and only if S i = Sg.
Proof. Clearly, if G is a distance-hereditary graph, then S i = Sg.
Conversely, let S i = Sg. Consider an arbitrary induced path α = (u0, u1, . . . un) in G. It is sufficient to prove that α is a
geodesic in G. We proceed by induction on n. Obviously, if n ≤ 2, then α is a geodesic in G. Assume that n ≥ 3. Clearly,
(u0, u1, un) ∈ Q (S i) and α∗ = (u1, . . . , un) is an induced path of length n − 1 in G. By the induction hypothesis, α∗ is a
geodesic in G. Since (u0, u1, un) ∈ Q (S i) and S i = Sg, we get (u0, u1, un) ∈ Q (Sg). Since α∗ is a geodesic in G, we see that α
is also a geodesic in G, which completes the proof. 
We will investigate ternary systems S satisfying some of the following axioms:
(1) if (u, v, w) ∈ Q (S), then (v, u, u) ∈ Q (S) for all u, v, w ∈ V (S);
(2) if (u, v, w) ∈ Q (S), then (v, u, w) 6∈ Q (S) for all u, v, w ∈ V (S);
(3) if u 6= v, then there exists t ∈ V (S) such that (u, t, v) ∈ Q (S) for all u, v ∈ V (S);
(4) if (u, v, w), (w, x, v) ∈ Q (S), then (u, v, x) ∈ Q (S) for all u, v, w, x ∈ V (S);
(5) if (u, v, v), (u, w, v) ∈ Q (S), thenw = v for all u, v, w ∈ V (S);
(6) if (v,w, u), (w, x, u) ∈ Q (S), then (x, v, v) 6∈ Q (S) for all u, v, w, x ∈ V (S);
(7) if (v,w, u), (w, x, u), (x, y, u) ∈ Q (S), then (y, v, v) 6∈ Q (S) for all u, v,w, x, y ∈ V (S);
(8) if (u, v, w), (w, x, x) ∈ Q (S), u 6= x, and (x, u, u) 6∈ Q (S), then (u, v, x) ∈ Q (S) for all u, v, w, x ∈ V (S).
Note that each of the axioms (1)–(8) can be formulated in the language of the first-order logic.
Lemma 3. Let S be the g-step system of a connected graph. Then S satisfies axioms (1)–(7).
Proof. The verification of axioms (1)–(7) is straightforward. 
Lemma 4. Let S be the i-step system of a connected graph G. Then S satisfies axioms (1), (3), (5), and (8).
Proof. The verification of axioms (1), (3), and (5) is straightforward.
The verification of axiom (8). Consider arbitrary u, v, w, x ∈ V (S) such that (u, v, w), (w, x, x) ∈ Q (S), u 6= x, and
(x, u, u) 6∈ Q (S). Then there exist u0, u1, . . . , un ∈ V (G), n ≥ 1, such that u0 = u, u1 = v, un = w, and α = (u0, u1, . . . , un)
is an induced path in G. Then unx ∈ E(G), u0 6= x, and u0x 6∈ E(G). If n = 1, then (u0, u1, x) is an induced path in G. Let n ≥ 2.
We first assume that xbelongs toα. Sinceα is an inducedpath inG, we see that x = un−1 and therefore (u0, u1, . . . , un−1 = x)
is an induced path in G. We now assume that x does not belong to α. Since unx ∈ E(G), there exists ui, 1 ≤ i ≤ n, such that
uix ∈ E(G) and ujx 6∈ E(G) for all uj, 0 ≤ j < i. Therefore (u0, u1, . . . ui, x) is an induced path in G. So (u0, u1, x) ∈ Q (S) and
axiom (8) holds. 
3. Distance-hereditary graphs and signpost systems
Among eight axioms for the g-step system of a connected graph presented in [5], axioms (1)–(3) have been the most
transparent. The following generalization of the g-step system of a connected graph has been motivated by this fact.
Let S be a ternary system. We say that S is a signpost system if it satisfies axioms (1)–(3). The notion of a signpost system
appeared in [3,5]; see [3] for an interpretation of its axioms. (Note that an implicit idea of a signpost system can already be
found in [4]). Signpost systems different from g-step systems were studied in [6,7].
Let S be a signpost system. Applying axiom (1) twice and axiom (2) we obtain that
if (u, v, w) ∈ Q (S), then (u, v, v) ∈ Q (S) and v 6= u 6= w
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for all u, v, w ∈ V (S). By the underlying graph of S we mean the graph G defined as follows: V (G) = V (S) and
xy ∈ E(G) if and only if (x, y, y) ∈ Q (S)
for all x, y ∈ V (G).
We can say that a signpost system shows the way how to travel in its underlying graph.
By Lemma 3, the g-step system of every connected graph is a signpost system. Moreover, by definition, if S is the g-step
system of a connected graph G, then G is the underlying graph of S. On the other hand, the i-step system of a cycle of length
at least 5 is not a signpost system since it does not satisfy axiom (2).
Combining the definition of a signpost system with Proposition 2, Lemmas 3 and 4, we get the following corollary.
Corollary 5. If G is a connected distance-hereditary graph, then the g-step system of G is a signpost system satisfying
axioms (4)–(8).
Lemma 6. Let Sg be the g-step system of a connected graph G, and let S i denote the i-step system of G. Assume that Sg satisfies
axiom (8). Then S i = Sg.
Proof. Obviously, every geodesic in G is an induced path in G. Hence Q (Sg) ⊆ Q (S i).
Consider arbitrary u, v, w ∈ V (G) such that (u, v, w) ∈ Q (S i). We denote by di(uv,w) the minimum integer k ≥ 1 such
that there exist u0, u1, . . . , uk ∈ V (G) with the properties that u0 = u, u1 = v, uk = w, and (u0, u1, . . . , uk) is an induced
path in G. Since (u, v, w) ∈ Q (S i), we see that di(uv,w) is well-defined.
Consider arbitrary x, y, z ∈ V (G) such that (x, y, z) ∈ Q (S i). Put n = di(xy, z). We will prove that (x, y, z) ∈ Q (Sg).
We proceed by induction on n = di(uv,w). The case when n = 1 is obvious. Assume that n ≥ 2. Then there exist
x0, x1, . . . , xn ∈ V (G) such that x0 = x, x1 = y, xn = z, and (x0, x1, . . . , xn) is an induced path in G. Since n ≥ 2, we
have x 6= z and xz 6∈ E(G). It is clear that (x0, x1, . . . , xn−1) is also an induced path in G. Hence (x, y, xn−1) ∈ Q (S i). Clearly,
di(xy, xn−1) ≤ n−1. By the induction hypothesis, (x, y, xn−1) ∈ Q (Sg). Since xn−1z ∈ E(G), we see that (xn−1, z, z) ∈ Q (Sg).
Recall that x 6= z. Since xz 6∈ E(G), we have (x, z, z) 6∈ Q (Sg). By axiom (8), (x, y, z) ∈ Q (Sg). Thus Q (S i) ⊆ Q (Sg), which
completes the proof. 
Combining Lemma 6 with Proposition 2 we get the following corollary:
Corollary 7. Let S be the g-step system of a connected graph G. If S satisfies axiom (8), then G is a distance-hereditary graph.
Lemma 8. Let S be a signpost system satisfying axioms (4), (5), and (8), and let G denote the underlying graph of S. If G is
connected, then S is the g-step system of G.
Proof. Let G be connected. We denote by Sg the g-step system of G.
(I) We first prove that
Q (Sg) ⊆ Q (S). (1)
Consider arbitrary u, v, w ∈ V (G) such that (u, v, w) ∈ Q (Sg). Put n = dG(u, w). Then n ≥ 1. We wish to prove
that (u, v, w) ∈ Q (S). We proceed by induction on n. The case when n = 1 is obvious. Assume that n ≥ 2. Then
there exist u0, u1, . . . , un ∈ V (G) such that u0 = u, u1 = v, un = w, and (u0, u1, . . . , un) is a geodesic in G. Hence
dG(u, un−1) = n− 1. Since n− 1 ≥ 1, we have (u, v, un−1) ∈ Q (Sg). By the induction hypothesis, (u, v, un−1) ∈ Q (S). It is
clear that (un−1, w,w) ∈ Q (S), u 6= w, and (u, w,w) 6∈ Q (S). By axiom (8), (u, v, w) ∈ Q (S). Thus (1) is proved.
(II) We now prove that
Q (S) ⊆ Q (Sg). (2)
Consider arbitrary x, y, z ∈ V (G) such (x, y, z) ∈ Q (S). As follows from axiom (1), (x, y, y) ∈ Q (S) and therefore xy ∈ E(G).
Put n = dG(x, z). Then n ≥ 1. We wish to prove that (x, y, z) ∈ Q (Sg). We proceed by induction on n. Let n = 1. Then
xz ∈ E(G) and therefore (x, z, z) ∈ Q (S). By axiom (5), y = z. Hence (x, y, z) ∈ Q (Sg). Now let n ≥ 2. There exists
z0, z1, . . . , zn ∈ V (G) such that z0 = z, zn = x, and (z0, z1, . . . , zn) is a geodesic in G. Hence (z, z1, x) ∈ Q (Sg). As follows
from (1), (z, z1, x) ∈ Q (S). Since n ≥ 2, we have y 6= z. We distinguish two cases.
Case 1. Assume that (y, z, z) ∈ Q (S). Then yz ∈ E(G). Since dG(x, z) = n ≥ 2, we have dG(x, z) = 2. This means that
(x, y, z) is a geodesic in G and therefore (x, y, z) ∈ Q (Sg).
Case 2. Assume that (y, z, z) 6∈ Q (S). Recall that (z, z1, x) ∈ Q (S), (x, y, y) ∈ Q (S), and z 6= y. By axiom (8),
(z, z1, y) ∈ Q (S). Since (x, y, z) ∈ Q (S), axiom (4) implies that (x, y, z1) ∈ Q (S). Recall that (z, z1, . . . , x) is a geodesic
in G so dG(x, z1) = n−1. By the induction hypothesis, (x, y, z1) ∈ Q (Sg) and therefore dG(y, z1) = n−2. Since dG(x, z) = n,
we get dG(y, z) = n− 1. This implies that (x, y, z) ∈ Q (Sg). Thus (2) is proved. The proof of the lemma is complete. 
530 L. Nebeský / Discrete Mathematics 310 (2010) 527–530
4. Main results
The proof of the next theorem will show the importance of axioms (6) and (7): they allow one to omit the assumption
that G is connected in Theorem 9. Recall that axioms (6) and (7) can be formulated in the language of first-order logic.
Theorem 9. Let S be a signpost system, and let G denote its underlying graph. Then G is a connected distance-hereditary graph
and S is the g-step system of G if and only if S satisfies axioms (4)–(8).
Proof. If G is a connected distance-hereditary graph and S is the g-step system of G, then, by Corollary 5, S satisfies axioms
(4)–(8).
Conversely, let S satisfy axioms (4)–(8). Consider an arbitrary component F of G. We denote by SF the restriction of S to
V (F). It is easy to see that SF is a signpost system and F is the underlying graph of SF . Moreover, SF satisfies axioms (4)–(8).
By Lemma 8, SF is the g-step system of F . Hence, by Corollary 7, F is a distance-hereditary graph.
We will prove that F = G. Suppose, to the contrary, that F 6= G. Consider arbitrary u ∈ V (G) \ V (F) and x ∈ V (F).
Axioms (3) and (1) imply that there exists vertices x0, x1, x2, . . . in F such that x0 = x and (xi, xi+1, u) ∈ Q (S) for each
i ≥ 0. Since F is finite, there exist xj and xk, 0 ≤ j ≤ k, such that xj = xk+1 and vertices xj, xj+1, . . . , xk are pairwise distinct.
It follows from axiom (2), k − j ≥ 2. We have a cycle (xj, xj+1, xj+2, . . . , xk−1, xk, xj) in F . Since F is distance-hereditary,
Lemma 1 implies that there exist m and n, j ≤ m < n ≤ k, such that 2 ≤ n − m ≤ 3 and xmxn ∈ E(F). Recall that
(xm, xm+1, u), (xm+1, xm+2, u), . . . , (xn−1, xn, u) ∈ Q (S). It follows from axiom (6) that (xm+2, xm, xm) 6∈ Q (S). Moreover, it
follows from the axiom (7) that (xm+3, xm, xm) 6∈ Q (S). Hence xmxn 6∈ E(G), which is a contradiction.
Thus G is connected. This means that S is the g-step system of G and G is a distance-hereditary graph, which completes
the proof of the theorem. 
The following theorem gives a new characterization of a connected distance-hereditary graph:
Theorem 10. Let G be a graph. Then G is a connected distance-hereditary graph if and only if G is the underlying graph of a
signpost system satisfying axioms (4)–(8).
Proof. Assume that G is a connected distance-hereditary graph. Let S denote the g-step system of G. Obviously, G is the
underlying graph of S. By Corollary 5, S is a signpost system satisfying axioms (4)–(8).
Conversely, let G be the underlying graph of a signpost system satisfying the axioms (4)–(8). By Theorem 9, G is a
connected distance-hereditary graph. 
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